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The advantage of using a single-photon two-mode entangled state in two-way communication via
maximal violation of an inequality associated with the ‘Guess Your Neighbour’s Input’ (GYNI)
game has been theoretically [Phys. Rev. Lett. 120, 060503 (2018)] as well as experimentally
[CLEO FID.4 (OSA, 2018)] established quite recently. We show that such an advantage can also
be obtained using any single-mode pure non-classical state embedded in a two-mode pure entangled
state, wherein the other mode is the vacuum (henceforth referred to as a generalized NOON state),
regardless of the average photon number of the single mode state. For the special cases of the even-
coherent, odd-coherent, and squeezed vacuum NOON states, we establish that the advantage is also
maximal. We show that the usage of the even-coherent NOON states can provide an advantage
under noisy apparatuses (beam splitters and photo detectors). As an aside, we study how some of
these states fare in terms of violation of a reference-frame independent Bell-type inequality.
I. INTRODUCTION
The genesis of quantum mechanics (QM) marks the birth of the distinction between our understanding of the
classical world and that of the non-classical world. This aspect took center stage during sixties after the introduction
of quasi-probability P-function in characterizing non-classical states of light [1, 2] and the shortfall of deterministic
local hidden variable models [3, 4] (and of non-contextual deterministic hidden variable models [5]) in explaining the
predictions of QM. These concepts contribute to the keystone of our understanding of the difference between the
classical and quantum descriptions of the natural world. These fundamental aspects were addressed while making use
of QM to obtain technological leaps in communication and computation. In fact, the advent of quantum entanglement,
non-locality [3, 4] and quantum optical non-classical states [6, 7], helped to provide us an enormous advantage
compared to classical theories in tasks involving communication and computation [8–10]. In this regard, recent
developments [11, 12] report that two-way communication between two distant parties using a single information
carrier can be achieved with the help of superposition of states. In the present work, we delve into the possibility of
achieving two-way communication using such single quantum systems which are prepared as non-classical states of
light.
Einstein, Podolsky and Rosen (EPR) [3] were the first to question the possibility of explaining the quantum
mechanical predictions by local realistic description. Bell retorted by proving the impossibility of explaining certain
predictions of QM by any local realistic model [4], thus establishing the failure of the classical description. He
introduced the set of constraints on the observed statistics, named after him as Bell-type inequalities, that any local
realistic hidden variable (HV) model should satisfy. The violation of Bell-type inequalities thus characterize the non-
classical correlations. Other methods of separating classical and quantum descriptions with the aid of concepts like
contextuality [5], discord [13], non-simplicial structure of state space [14] etc also exist. These types of non-classicalities
can be broadly characterized as quantum information theoretic non-classicality.
In close juxtaposition, the concept of classicality in quantum optics is defined as the viability of expressing any
quantum state as a convex combination of coherent states [1, 2][15]. In general this is achieved by expressing any
state in terms of quasi-probability distribution functions, for example Sudarshan-Glauber P-distribution function
[1, 2]. The negativity and/or singularity of the P function indicates the non-classicality of quantum states [16, 17].
Despite great efforts exerted towards understanding the non-classicalities of quantum world in their individual
arenas, we lack the quantitative relation between these two notions, with a few exceptions [18–20]. In the light of
technological developments, it is important to study the interplay between the two aforementioned types of non-
classicality, particularly by focusing on the advantage gained in information theoretic task (for example, quantum
communication) on using non-classical states of light. In this work, we consider this as a prime motivation to
understand the relation between an optical notion of non-classicality and its relation to an information theoretic task.
∗ bg14ms043@iiserkol.ac.in
† amitisiphys@gmail.com
‡ aravinda@physics.iitm.ac.in
ar
X
iv
:1
90
4.
04
59
6v
2 
 [q
ua
nt-
ph
]  
13
 A
ug
 20
19
2In most cases, non-locality and entanglement are attributed to composite systems involving multiple particles as
opposed to single particle systems. The erstwhile controversy ([21, 22] and references therein) on single photon
entanglement and non-locality has now been resolved [23, 24] and this, as a resource, has been successfully used for
performing communication tasks [25, 26]. Recently, by exploiting the superposition of a single quantum particle in two
spatially separated distant locations, a communication advantage was exhibited, in which the protocol is restricted
by usage of the single particle’s (or a single information carrier) finite speed of propagation [11, 12]. Del Santo et al.,
via their gedanken experiment, achieved two-way communication, i.e, simultaneous communication (within the given
time window) of information between both the parties involved, a task that is impossible to perform classically. This
is shown by furnishing violation of an inequality associated with a causal game called the ‘Guess Your Neighbour’s
Input’ (GYNI) game [27]. Massa et al. experimentally verified the aforementioned proposal.
The common theme in both scenarios of non-locality and the two-way communication is the usage of the single
photon entangled state,
|Ψ〉AB =
1√
2
(|1〉A |0〉B + |0〉A |1〉B), (1)
where |i〉A,B denotes the occupation number state of mode A, B, respectively. From a practical perspective, it is well
known that single photons are difficult to produce deterministically and sources which use parametric down-conversion
for the production of single photons, have inherent drawbacks. The trade off between these drawbacks have been
investigated by Christ and Silberhorn (refer to [28] and references therein). Based on this practical difficulty, we have
been prompted to ask whether the advantage in two-way communication is restricted to the usage of single-photon
entangled states, thus initiating a generalization of the existing protocol, invoking quantum optical non-classicality
for the proposed task.
In the present work, we explore the possibility of the quantum optical non-classical state of the form
|Φ〉AB =
1√N (|ξ〉A |0〉B + |0〉A |ξ〉B), (2)
where |ξ〉 is a single-mode non-classical state, N is the normalization factor, furnishing a violation of a GYNI inequality
[29] (and of a Bell-type inequality). We establish that non-classicality of the single-mode pure state |ξ〉 is a necessary
and sufficient condition for |Φ〉 to furnish a violation of a GYNI inequality. We show that the spatially separated
superpositions of even (odd)-coherent [30, 31] and squeezed [32] states, called the even (odd)-coherent NOON state
and the squeezed NOON state respectively, can supply as much advantage as the spatially superposed single photon
state, in the task of two-way communication. This result is interesting in the light of recent studies that link the
quantum optical non-classicality to quantum computational advantages over classical computation [10, 33–35], and
in metrology [36]. As |Φ〉AB is a two-mode entangled state involving a single-mode non-classicality, we shall refer to
it as the ‘generalized NOON state’, drawing inspiration from the NOON states [37]. At this stage, it would also be
prudent to make a resource-wise comparison between two-way communication and non-locality, given the difference in
these two tasks and their associated polytopic structures. We discuss whether or not being non-local (of a two-mode
pure entangled state) has any bearing on its usefulness in the task of two-way communication.
Section II is aimed at helping the reader to be acquainted with some of the prerequisites. This is followed by
a descriptions of the protocol of the task of two-way communication and its execution using specific states III. In
section IV we delve into the significance of single-mode non-classicality in the aforementioned task. In the section
that follows (section V), we discuss models of loss in the apparatuses used in the protocol, and make a comparison
between the even-coherent NOON state and the single-photon entangled state. We analyze the non-locality of some
of the states being studied, in section VI. The final section VII summarizes our results and is indicative of possible
future directions.
II. PREREQUISITES
In this section, we attempt to elucidate the premise for two-way communication as well as the exhibition of non-
locality.
At the outset, let us consider the task of two-way communication. In the simplest scenario, two parties Alice and
Bob (say), are separated by a spatial distance d, and have to communicate their messages to each other. The speed
of message transmission is restricted by the fact that a single information carrier can traverse the distance between
the two parties only once within the given time window. The communication task is formulated as a game called
GYNI, in which a referee provides inputs to the players Alice and Bob, and each player has to predict other player’s
input via his/her output process. Suppose, both Alice and Bob have a two-input-two-output device, and Alice (Bob)
3inserts her (his) input x(y) and obtains an output a(b). The task of each player is to predict other player’s input,
using a single information carrier, within the time interval (τ ≤ dc ), taken by a single information carrier to travel the
distance d between the two parties.
Within the classical model, Alice (Bob) can encode her (his) message in the particle and send it to Bob (Alice). If
Alice’s action precedes Bob’s, Alice can send (signal) her message to Bob but Bob can’t send his message to Alice.
In a causal structure, this situation is denoted by A ≺ B (Alice’s actions precedes Bob’s) and marginal probability
of Alice’s outcome is unaffected by Bob’s action: P (a|x, y) = P (a|x, y′), where P (a|x, y) = ∑b P (a, b|x, y) and
P (a|x, y′) = ∑b P (a, b|x, y′). Analogously, we can denote a causal structure in which Bob’s action precedes Alice’s
ones, by B ≺ A, and we have P (b|x, y) = P (b|x′, y).
The set of all correlations P (a, b|x, y), such that P (a, b|x, y) ≥ 0 and ∑a,b P (a, b|x, y) = 1 forms a polytope in 12
dimensional vector space, called correlation polytope. In the classical scenario, the correlations either belong to causal
order A ≺ B or to B ≺ A or to any convex combination of these two, thereby forming the one-way signaling polytope.
The facets (represented by some inequalities) of the one-way signaling polytope give us the maximally achievable
classical bound on the probability of success in the GYNI game. In general, for two-party two-input-two-output case,
there are two inequivalent sets of inequalities called ‘Guess Your Neighbor’s Input’ (GYNI) and ‘Lazy Guess Your
Neighbor’s Input’ (LGYNI) [27]. In the present work we restrict ourselves to the GYNI inequalities, the set of all 16
of which are merely relabellings of each other. We have worked predominantly with one of these 16 inequalities, and
denote it by J ,
J≡1
4
[P (0, 0|0, 0) + P (0, 0|1, 1) + P (1, 1|0, 1) + P (1, 1|1, 0)] ≤ 1
2
. (3)
Thus, violation of the GYNI inequality (3) guarantees two-way communication within the time-window τ .
Consider now, the nonlocality scenario involving two parties Alice and Bob, with each of the parties having an
access to a device having two inputs and two outputs. In this case, the correlations has to satisfy the no-signaling
conditions P (a|xy) = P (a|xy′), P (b|xy) = P (b|x′y). These correlations form a no-signaling (NS) polytope in 8
dimensions with 8 nonlocal vertices and 16 local deterministic vertices. The facets of the local polytope are the
Clauser-Horne-Shimony-Holt (CHSH) [38] inequalities.
The NS polytope is a subset of the correlation polytope and their dimensions are unequal, thus making them two
different geometrical entities. This geometric consideration, as well as the different physical scenarios involved in the
two-way communication and non-locality tasks, make it nontrivial to compare these two.
III. TWO-WAY COMMUNICATION
We now describe the method of using some generalized NOON states for carrying out the task of two-way commu-
nication. Although, we focus on generalized NOON states involving even (odd)-coherent states, in appendix (B) we
show that generalized NOON states involving single-mode squeezed states also violates inequality (3) maximally.
A. The protocol
At the outset, it is necessary to elucidate the two-way communication protocol described in [11] and [12]. (1)
Preparation: Alice and Bob receive a state |ξ〉 prepared in the superposition of their locations, i.e a generalized
NOON state of the form |Φ〉AB (c.f. eq. 2). Alice receives mode A and Bob receives mode B of the aforementioned
state. (2) Encoding: Alice and Bob encode their respective inputs as phases on their local states by operating on
the polarization degree of freedom. The inputs are the bits x, y∈{0, 1}. Naturally, this doesn’t work when Alice or
Bob receive the vacuum state |0〉. (3) Beam splitter operation: The encoded even-coherent NOON state is made
to pass through a 50:50 beam splitter (BS). In the current section, we assume that the beam splitter is loss-less.
A possible treatment of lossy beam splitters is provided in section V. (4) Detection: The outputs of the BS are
detected in the local laboratories of Alice and Bob by performing suitable dichotomic projective measurements. They
assign values to their respective output bits a and b (∈ {0, 1}) depending on the measurement that clicks. Within the
time τ , the two parties must simultaneously obtain their respective outputs.
4B. Execution of the protocol for the even-coherent NOON state
The protocol described in section III A can be carried out as described below. An even-coherent NOON state is of
the form:
|ΦE〉 = 1√N (α) [|αe〉 |0〉+ |0〉 |αe〉], (4)
where |αe〉 ∝ [|α〉+ |−α〉], i.e a Cat state [30, 31] (|α〉 is a coherent state with amplitude α). The subscripts for the
modes have been omitted for the sake of simplicity. Here, N (α) = 1√
2[1+exp(−2|α|2)] is the normalization constant
Although we have concentrated on even-coherent NOON states, it is to be noted that the protocol remains valid for
odd-coherent NOON states as well. In the number basis, |αe〉 is represented as
|αe〉 = 1
cosh |α|2
∞∑
n=0
α2n√
(2n)!
|2n〉 (5)
Studies on even and odd (|αo〉 ∝ [|α〉− |α〉]) coherent states and their respective preparations have been performed
and are still under way. Experimental methods of preparing even-coherent states include, for example, remote state
preparation using hybrid entangled states [39, 40] and measurement on the two level atomic system (this can be
performed with high efficiency) of atom-light entangled states [41]. Let |ΦE〉 (c.f. eq. (4)) be the state shared
by Alice and Bob. Here the first mode is with Alice while second mode is with Bob. We describe below the
production of the state |ΦE〉 using a 50:50 beam splitter (BS). Let us define the action of 50:50 BS on input modes
as aˆ† → aˆ†+bˆ†√
2
, bˆ† → aˆ†−bˆ†√
2
. By considering the action of the loss-less 50:50 BS on the two-mode product states–
|α〉 |0〉 , |0〉 |α〉 , |−α〉 |0〉, and |0〉 |−α〉, and by taking into account the fact that the BS is a unitary operation that is
its own inverse, we can create even-coherent NOON states. This is summarized in Fig. (1).
FIG. 1. (Colour online) The state 1√N (αe) [|αe〉 |0〉+ |0〉 |αe〉], i.e the even coherent NOON state, can be prepared by using the
state
∣∣∣ α√
2 e
〉
in each of the BS. Note that the normalization factor of the state |ΦE〉 has been omitted in the figure.
Alice and Bob encode their respective inputs on each mode of |ΦE〉, in the form of the bits x, y∈{0, 1}, into the
phase of polarization degree of freedom of their respective modes resulting in the following state, which is represented
in number basis upon normalization.
∣∣Φ′E,xy〉 = e−|α|221 + (−1)x+ye−|α|2
∞∑
n=0
α2n√
(2n)!
[(−1)x |2n, 0〉+ (−1)y] |0, 2n〉]. (6)
The average photon number of the input state (c.f appendix (A)) |ΦE〉 can be tuned to a desirable value, and in
principle can be made as small as possible. This number is, in fact, a scalar multiple of the average photon number
of the embedded single mode state, i.e, the even-coherent state. After encoding their inputs, they send the encoded
state to a 50:50 BS. The action of the BS on
∣∣Φ′E,xy〉 results in the following state
5∣∣Φ′′E,xy〉 = e−|α|221 + (−1)x+ye−|α|2
∞∑
n=0
α2n√
(2n)!
1
2n
2n∑
k=0
(
2n
k
) 1
2
[(−1)x + (−1)y+2n−k] |k, 2n− k〉 . (7)
It is evident from eq. (7) that when (x+y) mod 2≡x⊕y = 0 (x⊕y = 1), Alice and Bob have even (odd) Fock states
at their outputs. Thus, both of them separately make use of photon number parity resolving projectors:
Peven =
∞∑
l=0
|2l〉〈2l| , Podd =
∞∑
l=0
|2l + 1〉〈2l + 1| . (8)
The success of the protocol is based on the simultaneous detection within the time window τ of odd or even number
of photons at both Alice and Bob’s ends. In the present case, we assume that the detectors at the two ends are
perfect. This assumption is relaxed in section V. The outputs a, b = 0 correspond to the clicking of Peven at both
Alice and Bob’s lab. Similarly the outputs a, b = 1 correspond to the clicking of Podd at both Alice and Bob’s lab.
It is clear from eq. (7), that P (0, 0|0, 0) = P (0, 0|1, 1) = P (1, 1|0, 1) = P (1, 1|1, 0) = 1 and P (a, b|a, y) for all other
values of a, b, x, and y vanish. The outcomes a, b satisfy the functional relation a = x ⊕ y and b = x ⊕ y with x, y
being the inputs, thus facilitating Alice and Bob to deterministically predict the input of the other party, consequently
furnishing a maximal violation of inequality (3).
IV. HOW SIGNIFICANT IS NON-CLASSICALITY?
Consider now the coherent NOON state |ΦC〉 = 1√N ′(α) [|α〉 |0〉+ |0〉 |α〉], where N
′(α) is the normalization factor.
The very same protocol (c.f. III A) can be used to show that this state doesn’t furnish any violation of inequality
(3) by noting that this state, on passing through the BS is separable [42] and hence there is no way to distinguish
the case in which the inputs are correlated from that in which they are anti-correlated. This result illustrates that
the non-classicality of the single-mode state |ξ〉 state (c.f eq. (2)) is certainly a necessary condition for the resultant
generalized NOON |Φ〉 state to furnish the violation of the GYNI inequality. We have observed that even (odd)-
coherent, and squeezed vacuum generalized NOON states furnish maximum violation of the GYNI inequality. In each
of these states, the embedded single-mode states are superpositions of either even or odd Fock states. In fact, this
is true for any single-mode pure non-classical state |ξ〉, which is a finite/infinte superpositions of only even (odd)
Fock states. Is it possible to find other single-mode non-classical states which are more general superpositions of
the Fock states, such that the corresponding generalized NOON states violate (not necessarily maximally) the GYNI
inequality? In this regard, we present the following theorem.
Theorem 1. The non-classicality of the single-mode pure state embedded in the genralized NOON state |Φ〉 (eq. (2)),
is a necessary and sufficient for |Φ〉 to furnish a violation of the GYNI inequality of eq. (3).
Proof: Suppose |ξ〉 = ∑Ln=0 λn |n〉 (λn∈C; ∑Ln=0 |λ0|2 = 1), i.e., a single-mode normalized pure state. L maybe
finite or infinite. If L is finite, we know via [43], that |ξ〉 is a non-classical state, provided that λ0neq1. We also
know that when L is infinite, |ξ〉 is classical, if and only if it is a coherent state (of some amplitude). Consider the
generalized NOON state defined in eq. (2). The theorem states that the state |Φ〉 furnishes a violation of a GYNI
inequality, if and only if |ξ〉 is non-classical. A few steps of algebra can show that on Bob’s side, the measurement to
be chosen in order to distinguish between the outputs based on the parity of the inputs is the dichotomic projective
measurement {Peven, Podd}, given in eq. (8). One can then establish that irrespective of whether L is finite or infinite,
a suitable set of dichotomic projective measurements can be chosen on Alice’s side in order to furnish a violation of
the GYNI inequality. The choice of the set of projectors on Alice’s side can be optimized to furnish maximum possible
violation for a given state, which is not necessarily the maximum value that the quantity J can take. The reader is
requested to refer to appendix (C 1) for the details.
V. LOSSY APPARATUS
We now describe some models of loss in the devices used in the aforementioned protocol.
6A. Lossy beam splitters
Suppose T(ω) is the is the 2× 2 unitary matrix, corresponding to a lossless beam splitter with transmittivity t(ω)
and reflectivity r(ω) satisfying |t(ω)|2 + |r(ω)|2 = 1 and t(ω)r∗(ω) + r(ω)t∗(ω) = 0, for all angular frequencies ω. The
imaginary part the dielectric permittivity of matter (that constitutes the beam splitter) contributes to the losses in
the system. In presence of losses (absorption of radiation) in the system, the above-described unitary relation doesn’t
hold and |t(ω)|2 + |r(ω)|2 ≤ 1, with the equality holding in the lossless case only [44]. The sources of loss must be
taken into account so as to preserve the canonical commutation relations between the outgoing field’s mode operators.
A Kramers-Kronig consistent quantization scheme of the electromagnetic field in dispersive and absorbing inhomo-
geneous media has been provided in ref. [45]. This work, has in turn been used to derive the unitary transformation
that relates the output quantum state to the input quantum state by Kno¨ll et. al [46]. For the sake of completeness,
we shall briefly describe this formalism. The idea is to define a U(4) matrix such that it transforms four input modes,
two of the incoming field and two of the device, to four output modes, of which two are of the outgoing field and the
other two are of the device. This approach thus allows for mode and energy conservation of the entire system whose
constituents are the field and the device. Mathematically, this action may be represented as follows.
βˆ(ω) = Λ(ω)αˆ(ω), (9)
where αˆ(ω) =
(
aˆ1(ω), aˆ2(ω), gˆ1(ω), gˆ2(ω)
)T
and aˆj(ω) (j ∈ {1, 2}) are the amplitude operators of the incoming
damped wave at frequency ω, while gˆj(ω) describe device excitations by playing the role of the loss generating
operators. Analogously βˆ(ω) =
(
bˆ1(ω), bˆ2(ω), hˆ1(ω), hˆ2(ω)
)T
is the four-dimensional output vector operator and
bˆj(ω) and hˆj(ω) (j ∈ {1, 2}) are the corresponding output mode operators of the outgoing damped wave and the
device, respectively, at frequency ω. As mentioned previously, Λ(ω) ∈ U(4), and is given as follows.
Λ(ω) =
(
T(ω) Λ(ω)
−S(ω)C−1(ω)T(ω) C(ω)S−1(ω)A(ω)
)
, (10)
where the matrices T(ω) and A(ω) are 2 × 2 matrices that represent the transmission and absorption respectively.
They satisfy the following relation.
T(ω)T†(ω) + A(ω)A†(ω) = I (11)
It must also be noted that C(ω) and S(ω) in equation (10), are commuting positive Hermitian matrices given by
the following– C(ω) =
√
T(ω)T†(ω), S(ω) =
√
A(ω)A†(ω). Quite evidently, the dependence on the input device
modes arise due to the presence of absorption:– bˆ(ω) = T(ω)aˆ(ω) + A(ω)gˆ(ω), where bˆ(ω), aˆ(ω), and gˆ(ω) are 2×1
column vectors of the output field operators, the input field operators, and the input device operators respectively.
For our purpose of describing a lossy beam splitter, we have chosen T and A to be frequency independent and of the
following form.
T =
√
η
2
(
1 1
1 −1
)
, A =
√
1− η
2
(
1 1
−1 1
)
, (12)
where η ∈ [0, 1]. The reader is requested to refer to appendix (D 1) for the form of Λ used in our calculations. The
even-coherent NOON state post-phase encoding and appending with ancillary modes, considering the initial modes
of the device to be in the state vacuum, on passing through the lossy form of 50:50 beam splitter, gives the following
output state.
∣∣∣Φ˜′′E,xy〉 = A(x, y, α) ∞∑
n=0
(α
2
)2n 2n∑
k1=0
2n−k1∑
k2=0
2n−k1−k2∑
k3=0
[(−1)x+k1+k2 + (−1)y+k2+k3 ]√
k1!k2!k3!(2n− k1 − k2 − k3)!
×
√
ηk1+k2(1− η)2n−k1−k2 |k1, k2, k3, 2n− k1 − k2 − k3〉 , (13)
where A(x, y, α) = e
−|α|2
2
1+(−1)x+ye−|α|2 . Thus, on tracing over the device modes of ρ˜
′
out =
∣∣∣Φ˜′′E,xy〉〈Φ˜′′E,xy∣∣∣ (c.f. appendix
(D 1)) and on performing the projective measurements described in eq. (8), we obtain the probabilities P (0, 0|0, 0) =
P (0, 0|1, 1) and P (1, 1|0, 1) = P (1, 1|1, 0). It is to be noted that the detectors at both ends are assumed to be ideal. If
this assumption is relaxed, then corresponding probabilities would be a function of other parameters as well. By the
above-described method, the left hand side (LHS) of the GYNI inequality (3), furnished by the even-coherent NOON
7state, can be obtained as a function of η. In order to draw a comparison between the effect of the lossy beam splitter
(assuming the aforementioned model) on the phase encoded version of the single photon entangled state (eq. (1)),
has been studied. The measurements used in this case are consistent with ref. [11, 12], i.e, testing the existence of
a single photon at Alice or Bob’s end, after the completion of the protocol. It tuns out that the LHS of the GYNI
inequality (3) is given by η in this case. These results are summarized in Fig. (2). It is noteworthy that the even
coherent NOON state furnishes a violation of the chosen GYNI inequality for quantum efficiency η≤0.5. However,
the single photon entangled state shows no violation in this regime. For an alternate description of loss in the beam
splitter, the reader is requested to refer to appendix (D 2).
FIG. 2. (Colour online) The blue plane marks the classical bound of the GYNI inequality. The green plane in the plane that
gives the LHS of the GYNI inequality J for the single photon state. The surface in yellow is the GYNI inequality given by the
even-coherent NOON state, plotted as a function of η and |α|2. It is to be noted that the yellow curve shows violation of the
GYNI inequality for quantum efficiency η, of the beam splitter, less than 0.5 and small values of |α|2 and hence of the average
photon number.
B. Loss at the detection end
It is evident from eq. (7) that for the even-coherent NOON state, Alice and Bob need to have detectors, which can
account for several photons simultaneously arriving at the detector, at their disposal. Such detectors are referred to as
photon-number-resolving detectors (PNRD) in the existing literature [47, 48]. At the detection end, in the absence of
loss, it suffices to study the output using projectors on the even and the odd subspace, as given in eq. (8). However, in
the presence of loss, projective measurements have to be replaced by positive operator valued measurements (POVMs),
taking the factors that contribute to the loss into consideration. Till date, there exist two different mathematical
models of PNRDs, taking loss into account. In the first (Tan et al. [49]) model, the photo-counting statistics follow a
binomial distribution accounting for losses, and in the second (Sperling et al. [50]) model, the incident beam is first
split and then each part is measured by on/off detectors. We shall use both models to compare the performances of
the even coherent NOON state and the single photon state. The first of these models and its use in the comparative
study have been described in appendix (E).
We shall briefly describe and use the Sperling-Vogel-Agarwal model [50] here. Suppose we have a N dimensional
unitary operator, U(N), on one port of which we impinge a coherent state |β〉. The other N − 1 ports have vacuum
inputs. The unitary operator acts on the coherent state to split it into N modes of equal reduced amplitude (and
photon number):–
∣∣∣ β√
N
〉⊗N
. If N is a large number, the average photon number of each of these modes can be
approximately unity or less. Now each of these output modes are detected via on/off detectors which can distinguish
between the case when no photons are impinged and when some photons are impinged, i.e., they are not photon-
number resolving detectors. Examples of such detectors include single-photon avalanche photodiodes and photo-
multiplier tubes [47]. We shall assume that k of the N on/off detectors click. This implicitly takes saturation into
account. Thus, photo-multiplexing allows us to create a model of PNRDs detectors without having to use PNRDs.
In [50], the authors use the above-described idea to define the following POVM.
Πk =:
N !
k!(N − k)!e
−(κ nˆN+ν)(N−k)(Iˆ − e−(κ nˆN+ν))k : ∀k ∈{0, 1, 2, ..., N}, (14)
where :.: denotes normal ordering (without using commutation relations), nˆ is the number operator, κ is the quantum
efficiency of the system and is typically less than unity, ν is a measure of dark count (typically ≥0).
8For our purpose of comparison between the even-coherent NOON state and the single-photon entangled state, we
choose the following measurement on Alice and Bob’s subsystems, keeping in mind the measurements used when the
detectors are perfect.
M = {Π0 =
N∑
k=0
Π2k, Π1 =
N∑
k=0
Π2k+1}. (15)
Let us now define the outcomes according to the measurement that clicks, when the input is the even-coherent NOON
state:– M′(A) = {a = 0≡Π0; a = 1≡Π1}, M′(B) = {b = 0≡Π0; b = 1≡Π1}. Similarly, the outcomes can be defined
when the input is the single-photon entangled state:– M′′(A) = {a = 0≡Π1; a = 1≡Π0}, M′′(B) = {b = 0≡Π0; b =
1≡Π1}. Thus, using by making use of these outcome assignments in inequality (3) we can find the value of the GYNI
inequality furnished by the even-coherent NOON state (as a function of |α|2, N, κ, ν) and the single-photon entangled
state (as a function of N,κ, ν) respectively. We have carried out the comparison in two distinct cases– when N is even
and when it is odd, only to find that not intrinsic difference emerges in these two cases. Hence, we have restricted
ourselves to reporting the results for the case in which N is even.
It has been previously mentioned that when |α|2≤1, the average photon number of the even-coherent NOON state
is less than or equal to unity. We observe that for a fixed value of N , the even-coherent NOON state shows a higher
violation than the single-photon state when κ is close to 0.5, provided that the dark count ν is very close to zero.
However, this is true only for values of |α|2 < 1. It is to be noted that the afore-mentioned observation doesn’t vary
for different values of N . These results are summarized in Fig. (3). Note that for large values of N , the amount
of violation furnished by either state exponentially decreases as ν increases. This is intuitively clear as each on/off
detector contributes to the noise and all of their contributions add up when their number is large.
(1)
(2) (3)
(a) (b)
(1)
(2) (3)
FIG. 3. (Colour online) Key: (1) threshold value 0.5, i.e classical bound of the GYNI inequality; (2) even-coherent NOON
state; (3) single-photon entangled state. In (a), when |α|2 = 0.2, note that the even-coherent NOON state furnishes a higher
violation of inequality (3) in comparison to the single-photon entangled state when κ is in the neighbourhood of 0.5 and ν≈0.
VI. NON-LOCALITY
In this section, as an aside, we perform reference frame independent measurements (c.f. section I) on some the
generalized NOON states that we have looked at so far. Entanglement happens to be a necessary but not sufficient
condition for non-locality [51]. Nevertheless, all bipartite pure entangled states can be shown to be non-local [52].
Hence there exists at least one measurement scheme, for which the generalized NOON states (which are bipartite
pure entangled states) of our concern can be shown to be non-local. However, the measurements that we choose in
the following section might not be useful to that end, in every case. Analogously, it is understood that entanglement
of the input state is a necessary condition for success in two-way communication but certainly not sufficient, as is
shown by the counterexample of the coherent NOON state. Non-classicality of the single-mode, is however, necessary
and sufficient.
Consider a two party scenario in which both Alice and Bob have two choices of dichotomic measurements MA0/1
and MB0/1, with ±1 outcomes (for each measurement) respectively. The local realistic correlations satisfy a Bell-type
inequality given by [53, 54]
I = 1
4
∑
u
|
∑
v
(−1)u·vξ(v)| ≤ 1. (16)
Here u, v ∈ {0, 1}2 and ξ(v) (= 〈MAv1MBv2〉) is the corresponding correlation function.
9As mentioned in the introduction, the concept of non-locality of a single particle (photon) met with an objection–
the requirement of fixing the reference frame by using a laser beam would lead to the detection of more than one
photon and thereby to particle creation. In [24], the authors, by considering the measurements involving an optical
displacement followed by single photon detection, have demonstrated the non-local nature of the single photon state
in eq. (1) without the need of a shared reference frame. They have made use of dichotomic measurements of the
following form:– MA0 = M
B
0 = 2 |0〉〈0| − I, MA1 = 2 |β1〉〈β1| − I and MB1 = 2 |β2〉〈β2| − I, where |βk〉 are coherent
states. Let us define: β1 = re
φ1 and β2 = re
φ2 , where 2 = −1 (r is chosen to be the same as this symmetry allows
us to maximize the possible violation amount for any state). We make use of the same set of measurements on our
states–the even-coherent NOON state, and the coherent NOON state, and the one photon-added coherent NOON
state [43] (appendices (C 2) and (F 3)), and compare the results with the violation furnished by the single-photon
entangled state. The correlators
〈
MAl M
B
m
〉
, l,m ∈ {0, 1}, for each of the three aforementioned states are given in
appendix (F). For r = 0.1, inequality (16) is violated by the even-coherent NOON state for all the values of φk∈[0, 2pi]
and |α| and the violation is greater than the violation achieved by single photon state (1). Similarly, the one photon-
added coherent state (with the amplitude of the coherent state being α′′) shows a violation of the inequality for all
values of r and |α′′|. Contrariwise, the state 1√N ′(α′) [|α
′〉 |0〉+ |0〉 |α′〉], for all values of |α′| and r shows no violation
of the aforesaid inequality. These results are summarized in Fig. (4). In these figures, the plane plotted in red ochre
marks the z = 1 plane, i.e. the classical bound of inequality (16). In each of the plots in Fig. (4), |ξ〉 (c.f. eq. (2)) is
the single-mode state embedded in the two mode entangled state with the other mode being the vacuum.
(a) (b)
(c) (d)
FIG. 4. (Colour online) (a) The single-photon entangled state (eq. 1) shows violation of inequality (16) for a subset of
φ1, φ2∈[0, 2pi]. (b) The even-coherent NOON state shows a greater violation of inequality (16) for all values of φk in [0, 2pi].
Here r = 0.1 and |α|2 = 0.64. (c) The coherent NOON state, shows no violation of inequality (16) irrespective of φks. Here
r = 0.1 and |α′|2 = 0.01. 0.99 is the value closest to the threshold that it can furnish. It can be verified that this holds true for
all values of r and |α′|. (d) The photon-added coherent NOON state furnishes a violation for all values of φk and |α′′|.
VII. CONCLUSION & DISCUSSION
Understanding the relation between optical non-classicality and information theoretic notions of non-classicality
enhances our understanding of the quantum world. This understanding will potentially have a significant bearing on
technological advancements which make use information theoretic notions of non-classicality. We have proven that
all bipartite pure entangled states which have single-mode non-classical states embedded in them, i.e., all generalized
NOON states in which |ξ〉 is non-classical, furnish a violation of the GYNI inequality (3), irrespective of the average
photon number of the state |ξ〉, thereby exhibiting the advantage in the two-way communication task. We have also
established that the even (odd)-coherent and squeezed-vacuum generalized NOON states provide maximal advantage
in the task of two-way communication, just as the single-photon entangled state, by maximally violating the GYNI
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inequality (3). In line with this result, we have studied the robustness of the even-coherent state, when subjected to
models of lossy apparatuses, and have shown it to outperform the single-photon entangled state in certain regimes
of the parameters involved, although the single-photon entangled state, may in turn, outperform the even-coherent
NOON state in some other range of values of the same parameters. On using the model of the lossy beam splitter, we
see that the even-coherent NOON state outperforms (in the regime of low average photon number and low quantum
efficiency η) the single-photon entangled state. On application of the the lossy detector, using the Tan-Krivitsky-
Englert [49] model, the results in both states are comparable (maximal violation) when the efficiency is close to unity
and saturation and the average photon number of the even-coherent NOON state are high. The fact that the even-
coherent NOON state, in the regime of high detector efficiency κ, ends up exhibiting some violation (not maximal)
even when its average photon number is low, irrespective of the saturation number, is noteworthy. Using the Sperling-
Vogel-Agarwal [50] model, we observe that in the regime of low average photon number and low noise (ν), for all
values of saturation, the even-coherent NOON state outperforms the single-photon entangled as it exhibits a higher
violation of GYNI when the detector efficiency κ is around 0.5. As a detour, we have also studied the non-locality of
some of these generalized NOON states using reference frame independent measurements. The results of our study
prompt us to hypothesize that only the generalized NOON state in which |ξ〉 is non-classical will furnish a violation
of the Bell-type inequality using reference frame independent measurements. In case such a hypothesis holds good,
non-classicality in the single-mode state |ξ〉– embedded in the two-mode state |Φ〉 of eq. (2)– would play a pivotal
role in acheiving two-way communication and in exhibiting non-locality in a reference-frame independent manner.
The theorem (c.f. section IV) is likely to remain a mathematical artefact unless one finds feasible ways of preparing
any generalized NOON state. We have indicated towards possible ways of preparing even-coherent NOON states.
The prospect of preparing other generalized NOON states is the subject of quantum state engineering (for instance,
refer to [55] and references therein). We have investigated the performance of even-coherent NOON state under noisy
BS and noisy detectors separately. Taking into account the presence of noise at each step simultaneously is likely to
put the existing models of loss to test and may provide a better comparison between generalized NOON state and
the single photon two mode entangled state. In line with the results that we have presented, the imminent step is to
study multiparty multi-way communication. Recent progress in single electron sources [56–58], and an experimental
demonstration of single electron entanglement and non-locality [59] motivate to ask of the possibility of extending the
questions addressed in our work to two- or multi-way communication using entangled states of single massive particles.
Moreover, our present work leads one to potentially address the possibility of quantifying the non-classicality in any
single-mode pure state |ξ〉, embedded in a two-mode entangled state |Φ〉 (eq. (2)), via the maximum possible amount
of violation of the GYNI inequality (3) that the generalized NOON state furnishes.
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Appendix A: Average photon number of the even-coherent NOON state
The average photon number N˜ of the state |ΦE〉 (eq. (4)) obtained from 〈ΦE | NˆA⊗I+I⊗ NˆB |ΦE〉 as a function
of α.
N˜ = |α|
2
(1 + e−|α|2)2
, (A1)
where NˆA (NˆB) is the number operator corresponding to mode A (B). Notice that N˜ is merely a factor times the
average photon number of the state |αe〉. It is evident from the above equation that the average photon number of
|ΦE〉 is less than 1 iff |α|2 is less than 1.
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Appendix B: Generalized NOON states made out of squeezed vacuum states
Let’s begin with some preliminary notions about the squeezed vacuum states. The squeezed vacuum state |ξ〉 =
Sˆ(ξ) |0〉 is obtained by operating the squeezing operator Sˆ(ξ)
Sˆ(ξ) = exp
[
1
2
(ξ∗a2 − ξa†2)
]
(B1)
on the vacuum state |0〉, where ξ = reiθ, r is the squeezing parameter such that 0 ≤ r < ∞ and 0 ≤ θ ≤ 2pi. The
squeezed vacuum state, in terms of Fock states, is expressed as follows:
|ξsq〉≡Sˆ(ξ) |0〉 = 1√
cosh r
∞∑
m=0
(−1)m
√
(2m)!
2mm!
eimθ(tanh r)m |2m〉 (B2)
The important point to specify here is that the average photon number of squeezed vacuum state is
〈
Nˆ
〉
ξsq
≡
〈ξsq|a†a|ξsq〉 = (sinh r)2. Thus, although we are using the squeezed state, the average photon number can, in
principle, be made comparable to lowered below 1.
Let us now apply the protocol given in section III A to the squeezed vacuum NOON state |ΦSQ〉 = 1√
N(ξsq)
(|ξsq〉 |0〉+
|0〉 |ξsq〉), where N(ξsq) is the normalization factor. The average photon number of the squeezed vacuum NOON state
is a factor times that of the squeezed vacuum state. After encoding the information of the inputs, as explained in the
main text, the state will be
∣∣Φ′SQxy〉 = 1√
Nxy(ξsq)
[(−1)x |ξsq〉 |0〉+ (−1)y |0〉 |ξsq〉], (B3)
where Nxy(ξsq) is the modified normalization factor (input dependent). Alternately, it may be expressed in the
number basis as
∣∣Φ′SQxy〉 = 1√
Nxy(ξsq) cosh r
∞∑
m=0
(− tanh r)m
2mm!
√
(2m)![(−1)x |2m, 0〉+ (−1)y |0, 2m〉]. (B4)
After the action of the 50:50 BS, on the state (B4), for given inputs x, y ∈ {0, 1}, the output states can be written
as
∣∣Φ′′SQ00〉 = − ∣∣Φ′′SQ11〉 = 1√
2(cosh r + 1)
∞∑
m=0
m∑
k=0
(− tanh r)m
22m−1m!
×
√
(2m)!
(
2m
2k
) 1
2
|2k, 2(m− k)〉 , (B5)
∣∣Φ′′SQ01〉 = − ∣∣Φ′′SQ10〉 = 1√
2(cosh r + 1)
∞∑
m=0
m∑
k=0
(− tanh r)m
22m−1m!
×
√
(2m)!
(
2m
2k − 1
) 1
2
|2k − 1, 2(m− k) + 1〉 . (B6)
By using the measurements given in eq. (8) of the main text and from eq. (B6) the associated correlations take
values as P (00|00) = P (11|01) = P (11|10) = P (00|11) = 1 and thereby violate the GYNI inequality maximally.
Appendix C: Generalization
In this section we prove that any generalized NOON state furnishes a violation of the GYNI inequality if and only
if the single-mode pure state embedded in it is non-classical and subsequently provide some examples.
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1. Proof of Theorem 1
We call |Φxy〉, the phase-encoded version of the generalized NOON state |Φ〉, in which the embedded single-mode
pure state is |ξ〉 (refer to eq. (2)). The phase encoded state, on passing through a 50:50 beam splitter, gives the
following output states on the basis of parity of the inputs x and y.
|Φ00〉 = − |Φ11〉 = 2√
2(1 + |λ0|2)
∞∑
n=0
∞∑
k=0
λn+2k
2
n+2k
2
(
n+ 2k
2k
) 1
2
|n〉 |2k〉 , (C1)
|Φ01〉 = − |Φ10〉 = 2√
2(1− |λ0|2)
∞∑
n=0
∞∑
k=0
λn+2k+1
2
n+2k+1
2
(
n+ 2k + 1
2k + 1
) 1
2
|n〉 |2k + 1〉 . (C2)
It is evident from equations (C1) and (C2), that the Bob’s choice of measurement must be
M(B) = {ΠB0 =
∞∑
m=0
|2m〉〈2m| ,ΠB1 =
∞∑
m=0
|2m+ 1〉〈2m+ 1|}, (C3)
for the purpose of extracting information about Alice’s input (required for the violation of the GYNI inequality). We
are now required to find a suitable choice of measurement M(A) = {ΠA0 ,ΠA1 }, for Alice. Recall from the cases that
have been discussed so far, the LHS of the GYNI inequality that we’ve been studying, essentially is a sum of two
terms.
〈Φ00| (ΠA0 ⊗ΠB0 ) |Φ00〉+ 〈Φ01| (ΠA1 ⊗ΠB1 ) |Φ01〉≡F (ξ) (C4)
For the sake of simplifying our calculations, we define the normalization constant after phase encoding, as Nxy =
2(1 + (−1)x+y|λ0|2). By making use of equations (C1) and (C2) in equation (C4), on performing some algebraic
manipulations, we find
F (ξ) =
4
N00
∞∑
n=0
∞∑
k=0
|λn+2k|2
2n+2k
(
n+ 2k
2k
)
+ 4
∞∑
k=0
M2k+1
N01 〈η2k+1|Π
A
1 |η2k+1〉
− 4
∞∑
k=0
M2k
N00 〈η2k|Π
A
1 |η2k〉 . (C5)
Here |ηk〉 = 1√Mk
∑∞
n=0
λn+k
2
n+k
2
(
n+k
k
) 1
2 |n〉 andMk =
∑∞
n=0
|λn+k|2
2n+k
(
n+k
k
)
. The first term in equation (C5) can be found
to be 1 after a few steps of algebra. In order to make sure that the negative term in equation (C5) doesn’t contribute,
we must choose ΠA1 to be orthogonal to all the states |η2k〉 for k = 0, 1, 2, ... It can then be argued that F (ξ) is always
greater than 1.
Let us take a closer look at the sum of the second and the third terms of equation (C5).
4
∞∑
k=0
M2k+1
N01 〈η2k+1|Π
A
1 |η2k+1〉 − 4
∞∑
k=0
M2k
N00 〈η2k|Π
A
1 |η2k〉
= 4[
∞∑
k=0
1
N01 〈η˜2k+1|Π
A
1 |η˜2k+1〉 −
∞∑
k=0
1
N00 〈η˜2k|Π
A
1 |η˜2k〉]
= 4N ′
∞∑
k=0
[
1
N01
aˆ2k+1√
(2k + 1)!
|φ〉〈φ| aˆ
†2k+1√
(2k + 1)!
− 1N01
aˆ2k√
(2k)!
|φ〉〈φ| aˆ
†2k√
(2k)!
], (C6)
where |η˜k〉 =
∑∞
n=0
λn+k
2
n+k
2
(
n+k
k
) 1
2 |n〉, N ′ = ∑∞n=0 |λn|22n , and |φ〉 = 1√N ′ ∑∞n=0 λn2n2 |n〉.
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All the (un-normalized) states aˆk |φ〉 for k = 0, 1, 2, ... are linearly independent as long as |φ〉 is not the coherent
state [60]. Thus, it should be possible, in principle, to choose at least one |η〉 which is orthogonal to aˆ2k |φ〉 for all
k = 0, 1, 2, ... As aˆ2k+1 |φ〉s are linearly independent of aˆ2k |φ〉 (for k = 0, 1, ..), |η〉 will have a non-zero overlap with
the subspace spanned by all the aˆ2k+1 |φ〉s. We then choose ΠA1 = |η〉〈η|. Using the afore-mentioned argument, we
may show that
F (ξ) = 1 +
4
N01
∞∑
k=0
| 〈η|η˜2k+1〉 |2≥1. (C7)
It can be deduced from equation (C5) that if |ψ〉 is a coherent state, irrespective of the choice of ΠA1 , F (ξ) = 1 and
hence there is no violation of the GYNI inequality under consideration. As mentioned previously, the second term
in eq. (C7) is positive whenever |ξ〉 is not a coherent state. It is worth mentioning here that the second term in eq.
(C7) can be tuned by choosing ΠA1 accordingly[61]. This in turn, would enable maximum possible violation for the
given state |Φ〉.
Corollary 1. All finite-dimensional states (FDSs) beget generalized NOON states which violate at least the GYNI
inequality (3).
Proof: The proof is similar to the one that has just been described and makes use of the argument in [61].
2. An example in which L is infinite
Existing literature shows that the photon added coherent state is non-classical (see, for example, [43]). This follows
from the fact that all finite-dimensional states (FDSs) are non-classical and the criteria of the demarginalization maps
(DMs) posed in [43], are invariant under displacement operations. The generalized NOON state made out of the
photon added coherent state is of the following form.
∣∣Φ3〉
AB
=
1√N ′ (aˆ
† |α〉A |0〉B + |0〉A bˆ† |α〉B), (C8)
where N ′ is the normalization factor, aˆ†, and bˆ† are the creation operators for modes A and B respectively. This
state on passing through a 50:50 beam splitter (post phase encoding) can be grouped into two categories, namely
correlated and anti-correlated.
a. When the inputs are correlated∣∣Φ3′00〉 = − ∣∣Φ3′11〉
=
e
−|α|2
4√
2(1 + |α|2)
∞∑
m=0
α2m−1
2m−1
√
(2m)!
(2mI +
α√
2
aˆ†)
∣∣∣∣ α√2
〉
|2m〉 (C9)
It is important to note that the state in mode B has its entire support lying inside the subspace spanned by the even
Fock states. Let us call the resultant density matrix of mode A as ρ3′corr. We shall shortly return to discussing the
significance of this expression. Let us first study the expression for the output state when the inputs are anti-correlated.
b. When the inputs are anti-correlated∣∣Φ3′01〉 = − ∣∣Φ3′10〉
=
e
−|α|2
4√
2(1 + |α|2)
∞∑
m=0
α2m
2m−
1
2
√
(2m+ 1)!
((2m+ 1)I +
α√
2
aˆ†)
∣∣∣∣ α√2
〉
|2m+ 1〉 (C10)
Once again, it is significant to note that the state in mode B has its support lying entirely inside the subspace spanned
by odd Fock states. Let us call the resultant density matrix of mode A as ρ3′anti−corr. We shall demonstrate that
although ρ3′corr and ρ
3′
anti−corr appear to have the same supports, it is possible to choose a measurement on Alice’s
subsystem which allows her to distinguish her states in the two aforementioned cases. Such an argument holds good
because Alice’s Hilbert space is infinite dimensional.
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c. Furnishes violation of a GYNI inequality: It is evident from equations (C9) and (C10) that Bob must choose
the following measurement on his subsystem.
M(B)≡{Π(B)0 =
∞∑
m=0
|2m〉〈2m| ,Π(B)1 =
∞∑
m=0
|2m+ 1〉〈2m+ 1|} (C11)
Let us note that normalized version of the state a†
∣∣∣ α√
2
〉
can be written as a superposition of the following two states
a†
∣∣∣ α√
2
〉
√
1 + |α|
2
2
=
α∗√
2 + |α|2
∣∣∣∣ α√2
〉
+
√
2
2 + |α|2
∣∣ψ⊥(α)〉 , (C12)
where
∣∣ψ⊥(α)〉 is normalized and is orthogonal to ∣∣∣ α√
2
〉
. Now on Alice’s subsystem we choose the projective mea-
surement M(B) = {Π(A)0 ,Π(A)1 } such that
∣∣∣ α√
2
〉
lies entirely in the support of Π
(A)
1 , while
∣∣ψ⊥(α)〉 lies entirely in
the support of the orthogonal projector Π
(A)
0 . Barring these constraints, Alice has complete freedom to choose her
projectors. On the basis of these constraints alone, the following can be established after some algebraic manipulations
and on assuming that α 6=0. 〈
Φ3′00
∣∣ (Π(A)0 ⊗Π(B)0 ) ∣∣Φ3′00〉 = 12(1 + |α|2) (1 + e−|α|2) (C13)
〈
Φ3′01
∣∣ (Π(A)1 ⊗Π(B)1 ) ∣∣Φ3′01〉 = 12(1 + |α|2) (1 + 2|α|2 + e−|α|2) (C14)
On choosing M(A),M(B), the the GYNI inequality quite simply is〈
Φ3′00
∣∣ (Π(A)0 ⊗Π(B)0 ) ∣∣Φ3′00〉+ 〈Φ3′01∣∣ (Π(A)1 ⊗Π(B)1 ) ∣∣Φ3′01〉≤1 (C15)
Using equations (C13) and (C14), we find that the LHS of inequality (C15) is 1 + e
−|α|2
1+|α|2 (≥ 1 for all finite values
of |α|2 with equality holding only when α = 0). Hence, the photon added coherent NOON state always furnishes
a violation of a GYNI inequality. Incidentally when α = 0, the photon added coherent NOON state (c.f eq. (C8))
reduces to the single-photon entangled state and that this state furnishes a maximal violation of a GYNI inequality
is well established. Note that the photon-added coherent NOON state violates the GYNI inequality maximally only
when α = 0.
3. An example in which L is finite
Let us consider the following non-classical state |ψ1〉 which a superposition of |0〉 and |1〉.
|ψ1〉 =
√
λ |0〉+ eιφ√1− λ |1〉 (C16)
Here 0 ≤ λ < 1 and φ is a phase. When this condition on λ is satisfied, the state |ψ1〉 is always non-classical as it is
a FDS. The corresponding generalized NOON state, post phase encoding is given by:∣∣Φ1xy〉 = 1√
Nxy(λ)
[(−1)x |ψ10〉+ (−1)y |0ψ1〉], (C17)
where, Nxy(λ) = 2[1 + (−1)x+yλ]. On passing through a lossless 50:50 beam splitter this state undergoes a transfor-
mation and the resultant state is the following.∣∣Φ1′xy〉 = 1√Nxy [{(−1)x + (−1)y}{√λ |00〉AB + eιφ√ 1−λ2 |10〉AB}+ {(−1)x − (−1)y}eιφ√ 1−λ2 |01〉AB ] (C18)
Now, in line with the measurements performed on the single photon state, we find the probability of Alice having a
photon and Bob having none, when their inputs are correlated along with the probability of Alice having no photons
15
and Bob having a photon, while their inputs are anti-correlated. Let us now formally define the measurements and
the labels that we associate with the outcomes of the measurements, followed by the relevant correlations. Let us now
define the outcomes according to the projector that click.
M′(A) = {a = 1≡ |0〉
A
〈0|, a = 0≡ |1〉
A
〈1|}; M′(B) = {b = 0≡ |0〉
B
〈0|, b = 1≡ |1〉
B
〈1|} (C19)
We now write the expressions for the correlations of our concern
P (0, 0|0, 0) = P (0, 0|1, 1) = 〈Φ′00| |1〉〈1| ⊗ |0〉〈0| |Φ′00〉 =
1− λ
1 + λ
(C20)
P (1, 1|0, 1) = P (1, 1|1, 0) = 〈Φ′01| |0〉〈0| ⊗ |1〉〈1| |Φ′01〉 = 1 (C21)
Thus, the value (a particular value, say J1, of J ) of the inequality (3) has the following functional dependence on λ.
J1 = 1
1 + λ
>
1
2
as λ < 1. (C22)
Thus, we observe that for the chosen set of measurements, inequality (3) is always violated. Here, J1 = 1 (maximum
violation) when λ = 0, as
∣∣Φ1xy〉 then becomes the phase encoded version of the single-photon entangled state.
We would like to find out if any other set of measurements can furnish a better violation than the aforementioned
set, since a higher violation would increase our chances of winning the game. In order to achieve this in the most
general way, we define two sets of mutually orthogonal states.
|χ〉A = cos
θ
2
|0〉A + eι sin
θ
2
|1〉A ,
∣∣χ⊥〉
A
= sin
θ
2
|0〉A − eι cos
θ
2
|1〉A , (C23)
|η〉B = cos
θ′
2
|0〉A + eι
′
sin
θ′
2
|1〉A ,
∣∣η⊥〉
B
= sin
θ′
2
|0〉A − eι
′
cos
θ′
2
|1〉A , (C24)
where θ, θ′∈[0, pi] and , ′∈[0, 2pi] (phases). We then define the following sets of measurements and the labels of the
corresponding outcomes.
M′′A = {a = 1≡ |χ〉
A
〈χ|, a = 0≡ ∣∣χ⊥〉
A
〈
χ⊥
∣∣} M′′B = {b = 0≡ |η〉
B
〈η|, b = 1≡ ∣∣η⊥〉
B
〈
η⊥
∣∣} (C25)
Note that the set {M′′A,M′′B} reduces to the set {M′A,M′B} when, θ, θ′ = 0. On calculating the LHS of inequality
(3) of the , by performing these measurements on the state
∣∣Φ′xy〉 (eq. C18), we obtain
J2 =
cos2 θ
′
2
1 + λ
[
λ sin2
θ
2
+ cos2
θ
2
+ sin θ
√
λ(1− λ)
2
]
(C26)
We have compared the surface J2 with the plane J1, for all values of θ and θ′, for given values of λ. Fig. (5)
summarizes our results. Barring the cases when λ = 0 and λ = 1, the second set of measurements allow for a higher
violation of the chosen inequality for some values of θ and θ′. The maximum value of the GYNI inequality furnished
by the state under the second set of measurements, for a particular value of λ is found by numerically scanning over
values of θ and θ′. When λ = 0.5, the maximum value is found to be ≈ 0.71.
Appendix D: More on the lossy beam splitter (BS)
In this section, we shall describe the action of the lossy beam splitter (discussed in section V A) on a four-mode
input state. We shall follow this up with a description of an alternate model of the lossy BS.
1. Action of the lossy beam splitter on the four-mode Fock states
Let us now illustrate the formalism discussed in section V A, by considering transformation of the four mode Fock
state under the action of the lossy beam splitter. An interested reader is requested to refer to section IV of [46] for
further details. Let
ρˆin = |ψin〉〈ψin| , (D1)
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(a) (b)
(d)(c)
FIG. 5. (Colour online) The green plane in each figure represents the threshold, z = 1
2
. The blue planes are the z = 1
1+λ
planes
(J1). The red surfaces are J2. It is intuitive that when λ≈1, i.e., when the state becomes classical, neither of the measurements
furnish any violation. This is reflected by the fact that when, λ = 0.9, the green and the red surfaces barely cross the threshold.
As the value of λ drops from 1 and tends towards 0, the set {M′A,M′B} allows us to observe a better violation that the set
{M′′A,M′′B}, when θ, θ′ 6= 0 for the latter set.
.
with
|ψin〉 = |n1, n2, n3, n4〉 =
4∏
ν=1
αˆ†nνν√
nν !
|0〉 , (D2)
be the density operator of the system in the case when n1 and n2 quanta are the field mode excitations and n3 and
n4 quanta are device mode excitations. On applying eq. (10) on ρˆin, we obtain
ρˆout = |ψout〉〈ψout| , |ψout〉 =
4∏
ν=1
(∑4
µ=1 Λµν aˆ
†
µ
)nν
√
nν !
|0〉 , (D3)
where Λµν are the elements of the 4×4 unitary matrix of the lossy beam splitter. The term in brackets raised to the
exponent nν can be expanded using multinomial expansion. The density operator of the outgoing field modes is then
obtained by tracing out over the device modes.
ρˆ
(F )
out = Tr
(D){|ψout〉〈ψout|}. (D4)
Based on our choices of T and A (eq. (12)), the following is the form of Λ used in our calculations.
Λ =
1√
2

√
η
√
η
√
1− η √1− η√
η −√η −√1− η √1− η
−√1− η −√1− η √η √η
−√1− η √1− η −√η √η
 (D5)
2. Alternate description of the lossy beam splitter
Off late, a development [62] proposes methods to realize arbitrary linear transformations allowing for both loss and
gain. A lossy beam splitter, though no longer a unitary operation, is certainly a linear transformation. The input
and output modes can be augmented with ancilla modes (device modes) and singular value decomposition of the
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full network can be performed which allows each component to be further decomposed into a series of elementary
operations. Fig. (6) represents the results of the following steps pictorially.
aˆ1aˆ2gˆ1
gˆ2
→

bˆ′1 =
aˆ1+aˆ2√
2
bˆ′2 =
aˆ1−aˆ2√
2
hˆ′1 =
gˆ1+gˆ2√
2
hˆ′2 =
gˆ1−gˆ2√
2
→

bˆ1 =
√
ηbˆ′1 +
√
1− ηhˆ′1
bˆ2 =
√
ηbˆ′2 −
√
1− ηhˆ′2
hˆ1 = −
√
1− ηbˆ′1 +
√
ηhˆ′1
hˆ2 = −
√
1− ηbˆ′1 −
√
ηhˆ′1
 (D6)
It can be verified that the four-mode output is identical to that which results from the action of eq. (D5) on the
four-mode input. This alternate description can also be used to explain the mixing between the input modes of the
field and those of the device and results precisely in the model described in the section V A.
FIG. 6. (Colour Online) The model proposed in [46] (used here), in conjunction with the model of loss or gain proposed in [62]
can be used to further understand the mixing of the field and the device modes in order to produce the net effect of loss. M1
and M2 are mirrors. B1 and B2 are 50:50 beam splitters. B3 and B4 are η : 1 − η beam splitters up to overall phases. The
outputs of B1 and B2 are made to interact with each other by passing through B3 and B4. The final output modes of the field,
marked in bold, are of interest to us.
Appendix E: Tan-Krivitsky-Englert model of lossy PNRDs
A model for photon detection with loss and saturation has been given in ref. [49]. Suppose a detector can resolve
upto N photons, this detector can then be modelled by a positive operator-valued measure (POVM) with N + 1
outcomes: {Π0,Π1, ...,ΠN}, satisfying completeness,
∑N
i=0 Πi = I, and positivity, Πi ≥ 0, for all i = 0, ..., N . For a
perfect detector with no loss (unit quantum efficiency κ) and no saturation, {Πi = |i〉〈i| , i = 1, 2, ...}. Let us define
the m-th POVM effect of a lossy detector with quantum efficiency κ is
Πm =
∞∑
n=m
wm,n(κ) |n〉〈n| , (E1)
with
wm,n(κ) = κ
m(1− κ)n−m
(
n
m
)
, (E2)
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for m = 0, 1, 2.... Note in eq. (E1) that when m photons arrive at the detector, there exists a non-zero probability,
if κ is not unity, for the detector to count more than m photons. Thus, Π0 =
∑∞
n=0(1 − η)n |n〉〈n|. This implies
that even in the absence of incoming photons, an inefficient detector might click. This precisely is what the term
’dark count’ refers to. The effect of saturation prevents the detector from resolving between N and N + 1 (or more)
photons. Thus we have for the N -th outcome:
ΠN = I −
N−1∑
m=0
Πm. (E3)
When N = 1, this POVM reduces to {Π0,Π1}, where Π1 = I −Π0.
Recall that for the even-coherent NOON state, the measurements defined in eq. (8), have been course grained
from all possible outcomes of lossless, photon number resolving detectors. We use a similar approach to group the
aforementioned effects into two broad effects, which in the limit of κ going to 1 and N going to infinity, would reduce
to eq. (8). We do this in two case: when the saturation is even and when the saturation is odd.
Case 1: When the detector can resolve upto 2N photons
We define the following POVM for our state:
Π
(2N)
e =
N−1∑
m=0
Π2m +
1
2
(I −
2N−1∑
m=0
Πm), (E4)
Π
(2N)
o =
N−1∑
m=0
Π2m+1 +
1
2
(I −
2N−1∑
m=0
Πm). (E5)
Thus, our POVM is {Π(2N)e ,Π
(2N)
o }. The corresponding GYNI inequality and its violation can then be studied in terms
of functions of |α|2, N , and κ. In order to compare with the effect of lossy detector on the single photon entangled state,
we use the same POVM but label the outcomes differently: {a = 0≡Π(2N)o , a = 1≡Π
(2N)
e ; b = 0≡Π
(2N)
e , b = 1≡Π
(2N)
o }.
In case of the single-photon state the left hand side of the GYNI inequality is simply κ (irrespective of N), similar to
what is observed in the case of the lossy beam splitter.
Case 2: When the detector can resolve upto 2N − 1 photons
The structure of the POVM in this case follows almost immediately from the previous one:
Π
(2N−1)
e =
N−1∑
m=0
Π2m +
1
2
(I −
2N−2∑
m=0
Πm), (E6)
Π
(2N−1)
o =
N−2∑
m=0
Π2m+1 +
1
2
(I −
2N−2∑
m=0
Πm). (E7)
The POVM is {Π(2N−1)e ,Π
(2N−1)
o }. The corresponding GYNI inequality and its violation can, once again, be studied
in terms of functions of |α|2, N , and κ. Once again, in order to compare the effect of the lossy detector with odd
saturation on the single-photon entangled state with that on the even-coherent NOON state, the same POVM but
label the outcomes differently: {a = 0≡Π(2N−1)o , a = 1≡Π
(2N−1)
e ; b = 0≡Π
(2N−1)
e , b = 1≡Π
(2N−1)
o }. Using this POVM
on the single-photon state the left hand side of the GYNI inequality is once again found to be κ, irrespective of N .
The results are summarized in Fig. (7). It is to be noted that the violation of the GYNI inequality furnished by
the even-coherent NOON state persists when the efficiency κ is close to unity, even if the saturation number and
average photon number are small. For larger values of saturation, the even-coherent NOON state furnishes maximum
violation of the GYNI inequality, in a certain range of |α|2.
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(a) (b)
(c) (d)
FIG. 7. (Colour online) The green planes z = 0.5 mark the classical bound, i.e. the threshold (classical bound of 0.5). The
blue planes given by the simple function κ, mark the GYNI violation for the single photon state. The yellow surfaces mark the
functions J (inequality (3) furnished by the even-coherent NOON state. (a) N = 1; POVM ={Π(2N)e ,Π(2N)o }; violation is seen
when κ is close to 1 and when the average photon number is small and the curve drops below the threshold value as the average
photon number is inclreased; (b) N = 20; POVM ={Π(2N)e ,Π(2N)o }; maximal violation is observed for large values of average
photon number and this persists for a large range of |α|2 before eventually dropping; (c) N = 1; POVM ={Π(2N−1)e ,Π(2N−1)o };
violation is observed when κ is close to unity and |α|2 is small; there is a drop in violation when |α|2 increases; (d) N = 20;
POVM={Π(2N−1)e ,Π(2N−1)o };maximal violation is observed (and is seen to persist) when κ is close to unity and |α|2 is large.
Appendix F: Bell correlators
As mentioned in section VI, the Bell correlators are found by performing displacement measurements on each of
the two modes of the two-mode entangled states.
1. Even-coherent NOON state
〈
MA0 M
B
0
〉
= N [6e−|α|
2 − (1 + e−2|α|2)], (F1)〈
MA0 M
B
1
〉
= N [2(4e−|α|
2 − (1 + e−2|α|2))(2e−|β2|2 − 1) + 2(e−|α+β2|2 + e−|α−β2|2
+ 2e−(|α|
2+|β2|2) cos (2 Im(αβ∗2))− (1 + e−2|α|
2
))
+ 4e−|α|
2
(2e|β2|
2
(cosh (αβ∗2) + cosh (α
∗β2)− 1], (F2)〈
MA1 M
B
0
〉
= N [2(4e−|α|
2 − (1 + e−2|α|2))(2e−|β1|2 − 1) + 2(e−|α+β1|2 + e−|α−β1|2
+ 2e−(|α|
2+|β1|2) cos (2 Im(αβ∗1))− (1 + e−2|α|
2
))
+ 4e−|α|
2
(2e|β1|
2
(cosh (αβ∗1) + cosh (α
∗β1)− 1], (F3)
and 〈
MA1 M
B
1
〉
= N [2(e−|β1|
2 − 1){e−|α+β1|2 + e−|α−β1|2
+ 2e−(|α|
2+|β1|2) cos (2 Im(αβ∗1))− (1 + e−2|α|
2
)}
+ 2(e−|β2|
2 − 1)(e−|α+β2|2 + e−|α−β2|2
+ 2e−(|α|
2+|β2|2) cos (2 Im(αβ∗2))− (1 + e−2|α|
2
)
+ 4e−|α|
2
[(2e−|β1|
2
cosh (α∗β1)− 1)(2e−|β2|2 cosh (αβ∗2)− 1)
+ (2e−|β1|
2
cosh (αβ∗1)− 1)(2e−|β2|
2
cosh (α∗β2)− 1)]], (F4)
where N = 1
(1+e−|α|2 )2
.
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2. Coherent NOON state
〈
MA0 M
B
0
〉
= N ′(3e−|α|
2 − 1), (F5)〈
MA0 M
B
1
〉
= N ′(2e−(|α|
2+r2) + e−|α−β2|
2
+ 2e
−(|α|2+r2)
2 e
−|α−β2|2
2 cos(Im{αβ∗2})
− e−r2 − 2e−|α|2), (F6)〈
MA1 M
B
0
〉
= N ′(2e−(|α|
2+r2) + e−|α−β1|
2
+ 2e
−(|α|2+r2)
2 e
−|α−β1|2
2 cos(Im{αβ∗1})
− e−r2 − 2e−|α|2), (F7)
and
〈
MA1 M
B
1
〉
= N ′(2(e−(abs(a−bb1))∗∗2e−r
2
+ e−|α−β2|
2
e−r
2
+ e
−(r2+|α|2)
2 e−
|α−β2|2+|α−β2|2
2 2 cos(Im{αβ∗1 + α∗β2}))
− (e−r2 + e−|α−β2|2 + 2e−(|α|
2+r2)
2 e−(|α−β2|
2)/2 cos(Im{αβ∗2}))
− (e−r2 + e−|α−β1|2 + 2e−(|α|
2+r2)
2 e−|α−β1|
2/2 cos(Im{αβ∗2}))) + 1, (F8)
where N ′ = 1
1+e−|α|2
.
3. Photon-added coherent NOON state
〈
MA0 M
B
0
〉
= −1, (F9)〈
MA0 M
B
1
〉
=
e−(|α|
2+|β2|2)
1 + |α|2 [|β2|
2e2Re{α
∗β2}]− e−|β2|2 , (F10)
〈
MA1 M
B
0
〉
=
e−(|α|
2+|β1|2)
1 + |α|2 [|β1|
2e2Re{α
∗β1}]− e−|β1|2 , (F11)
〈
MA1 M
B
1
〉
= 1 +
2e−|α|
2
1 + |α|2 [|β1|
2e−|β2|
2+2Re{α∗β1} + |β2|2e−|β1|2+2Re{α∗β2}
+ e
−(|β1|2+|β2|2)
2 {β1β∗2eα∗β1+αβ∗2 + β2β∗1eα∗β2+αβ∗1}]−
〈
MA0 M
B
1
〉− 〈MA1 MB0 〉 , (F12)
where the last two terms in eq. (F12) are given by eq.s (F10) and (F11).
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